The equilibrium properties of a Janus fluid confined to a one-dimensional channel are exactly derived. The fluid is made of particles with two faces (active and passive), so that the pair interaction is that of hard spheres, except if the two active faces are in front of each other, in which case the interaction has a square-well attractive tail. Our exact solution refers to quenched systems (i.e., each particle has a fixed face orientation), but we argue by means of statistical-mechanical tools that the results also apply to annealed systems (i.e., each particle can flip its orientation) in the thermodynamic limit. Comparison between theoretical results and Monte Carlo simulations for quenched and annealed systems, respectively, shows an excellent agreement.
Introduction
The study of colloidal particles has been a subject of increasing interest in the last decades, not only due to the numerous technological applications associated with these systems, but also regarding their fundamental role within liquid theory [1, 2] .
Many of the mathematical models describing colloids were linked from their very inception to the concept of patchy particles, in which uniform spheres present a surface region (called a patch) with an interaction pattern different from that of the rest of the surface. Simple as it is, this approach of adding a little patchy impurity on the homogeneous chemical makeup endows the model with a good deal of rich features providing a powerful tool to get a better understanding on complex systems aggregates (regarding both organic and inorganic molecules), colloidal hierarchical structures (micelles, vesicles, nanocomposites, polymers, etc.), and, eventually, new materials synthesis. As a matter of fact, the science of materials has experienced a true revolution thanks to the unprecedented development of innovative techniques related to the chemical synthesis technology. This avant-garde processes are generating new sets of colloidal particles with a wide range of size, composition, and anisotropic patch structure [3, 4, 5] .
Janus fluids are made of colloidal-size particles whose surface is divided into two symmetric regions (patches) with different chemical composition, thus presenting different behaviors [5, 6, 7] . The lack of centrosymmetry inherent to the pair potential yields a dynamic and vigorous surface activity derived from its anisotropic character, in some cases up to three times more interactional than a uniform particle in the same context [8] . The remarkable precision of these methods make it possible to obtain experimental results involving chainlike or one-dimensional arrays of Janus particles [9, 10] .
The aim of this paper is to contribute to the understanding of the equilibrium properties of Janus fluids by focusing on one-dimensional structures. This allows us to obtain an exact description of the thermodynamic and spatial correlation quantities. Apart from its interest to model laboratory realizations of colloidal chains [9, 10] , the results derived in this work can be useful as a benchmark to test approximate theories.
The remainder of this paper is organized as follows. Section 2 presents the exact equilibrium statistical-mechanical solution of a general m-component mixture with nearest-neighbor interactions where the potential between two adjacent particles α and γ = α ± 1 may depend on their ordering (i.e., γ = α − 1 versus γ = α + 1). The particularization to a binary mixture (but yet with arbitrary anisotropic pair interactions) is worked out in section 3 with expressions for thermodynamic quantities (density, Gibbs free energy, chemical potentials, and internal energy) and structural properties (pair correlation functions in Laplace space) as functions of pressure, temperature, and composition. Those expressions are made more explicit in section 4, where the Kern-Frenkel anisotropic interaction potential [11] is considered, the thermodynamic and structural properties being plotted for several representative cases.
Moreover, an analysis in section 4 of the asymptotic decay of the pair correlation functions shows the absence of a Fisher-Widom transition line (separating a region in the density-temperature plane where the decay is oscillatory from a region where the decay is monotonic) [12] . While the decay is always oscillatory, a structural crossover line exists between a region with a large wavelength from a region with a smaller wavelength. All those results correspond to a mixture of particles with quenched orientation, but in section 5 we provide compelling arguments on the mapping of those results (in the equimolar case) onto the case of one-component Janus fluids of particles with flipping orientation (annealed system). Such an equivalence is confirmed in section 6 by comparison between the theoretical results for quenched systems and Monte Carlo simulations for annealed systems. The paper is closed by a summary and conclusions in section 7.
General (quenched) mixture with anisotropic interactions

The system
Let us consider an N-particle, m-component fluid mixture with number densities {ρ i ; i = 1, . . . , m}, so that the total number density is ρ = m i=1 ρ i and the mole fractions are x i = ρ i /ρ. The species i any given particle α belongs to is fixed, and in this sense the system is said to be quenched.
The potential energy function of a particle α (located at r α ) of species i due to the interaction with another particle γ (located at r γ ) of species j will be denoted by φ ij (r γ − r α ). According to Newton's third law, φ ij (r γ − r α ) = φ ji (r α − r γ ), i.e., φ ij (r) = φ ji (−r) for all species pairs i, j. On the other hand, the interaction potential is assumed to be anisotropic and thus one may have, in general, φ ij (r) = φ ji (r) if i = j. This means that if particles α and γ exchange their positions, the potential energy of the pair does not keep its value even though the absolute distance |r γ − r α | between both particles remains the same. We will also assume that lim r→0 φ ij (r) = ∞ and lim r→∞ φ ij (r) = 0, implying that the particles are impenetrable and the interactions have a finite range. Now we particularize to a system confined to one dimension, so that particles are aligned along an axis of length L. By assuming that the interaction is restricted to nearest neighbors, the total potential energy can be written as
where i α (= 1, 2, . . . , m) denotes the species of particle α and, without loss of generality, we assume that particles 1, 2, . . . , N are ordered from left to right. Therefore,
The anisotropy of the interaction implies that, in general, φ ij (r) = φ ji (r). Figure 1 shows a sketch of the system in the case of a binary mixture (m = 2) of Janus particles (see section 3). More
Species:
Potentials: Figure 1 . Sketch of a binary mixture of one-dimensional Janus particles. Particles of species 1 (2) have a white (green) left face and a green (white) right face. Three types of interactions are possible: green-white (φ 11 and φ 22 ), green-green (φ 12 ), and white-white (φ 21 ). Note that, due to invariance under reflection, one must have φ 11 (r) = φ 22 (r).
in general, one can imagine w different side faces (or "colors") and m = w(w −1) species corresponding to the different ways of ordering pairs of unequal faces
Probability densities
Let us now use arguments similar to those conventionally used for isotropic potentials [13, 14, 15, 16, 17, 18] to derive the structural properties of the mixture. Given a reference particle of species i, we focus on those particles to its right and denote by p (ℓ,+) ij (r)dr the (conditional) probability that its ℓth right neighbor belongs to species j and is located at a distance between r and r + dr. In particular, p (1,+) ij (r) is the right nearest-neighbor probability distribution function. The (conditional) total probability density of finding a particle of species j at a distance r to the right of a given particle of species i is
(2.2)
In making the upper limit of the summation equal to infinity, we are assuming the thermodynamic limit (L → ∞, N → ∞, ρ = N/L = const). Let us consider now a few basic relations. First, since the ℓth right neighbor must be somewhere and belong to any of the species, the normalization condition reads As before, the infinite upper limit of the integral reflects the thermodynamic limit assumption. An obvious condition is the recurrence relation [16] p (ℓ,+) ij This means that the ratio between the two probabilities that the right nearest neighbor of a given reference particle is located at a certain distance r and belongs to species j and k, respectively, becomes asymptotically insensitive to the nature of the reference particle in the limit of long separations. This is a consequence of the fact that the reference particle and its nearest neighbor do not interact if r is beyond the range of φ ij (r) or φ ik (r).
In analogy with p (r) for neighbors of species j located at a distance r to the left of i, as well as the associated total distribution p (−) ij (r). Obviously, the symmetry relation
holds. Even though, in general, p
This implies that, given a reference particle of species i, the probability that its ℓth neighbor (regardless of the distance) belongs to species j is independent of whether the neighbor is located to the right or to the left of the reference particle. 
where P(s) is the matrix whose elements are P ij (s) and I is the m × m identity matrix.
for any i, what implies det I − P (1) (0) = 0. Thus, the matrix P(s) is singular at s = 0. Also, equation (2.8) implies
As in the case of equations (2.3), the recursion relation (2.10) allows one to prove by induction that equation (2.13) is satisfied for all ℓ provided it holds for ℓ = 1.
Pair correlation function
The probability distribution p (+) ij (r) is related to the pair correlation function g ij (r) (where a particle of species j is supposed to be located at a distance r to the right of a particle of species i) by [13, 16] 
(2.14)
Note that, in general, g ij (r) = g ji (r). One can also define an average pair correlation function as 
ij (s)} suffices to determine the pair correlation functions {G ij (s)}.
In the isothermal-isobaric ensemble, the N-body probability distribution function in configuration space is proportional to e −βpL−βΦ N (r 1 ,...,r N ) , where p is the pressure and β ≡ 1/k B T (k B and T being the Boltzmann constant and the absolute temperature, respectively) [16] . Therefore, the evaluation of any physical quantity implies integrating over the system size L and over the particle coordinates. Thus, in this ensemble the nearest-neighbor probability distribution function is [14, 16] 
where, without loss of generality, we have chosen the particles α = 1 (at r 1 = 0) and α = 2 (at r 2 = r) as the canonical nearest-neighbor pair of species i and j, respectively. After taking into account equation (2.1), applying periodic boundary conditions, and performing the change of variables r α →r α = r α − r α−1 (α = 3, . . . , N), one gets [16] 
where the amplitudes K ij are normalization constants. These m 2 parameters can be determined by application of the consistency conditions (2.5), (2.12), and (2.13). Once determined, the equation of state relating ρ, p, and T is obtained by application of equation (2.19) .
First, we note that, according to equation (2.5), the ratio K ij /K ik does not depend on the index i. In particular, K ij /K ii = K jj /K ji , i.e.,
for all pairs (i, j). Next, Laplace transformation of equation (2.21) yields
where Ω ij (s) ≡ ∞ 0 dr e −sr e −βφ ij (r) .
(2.24)
Note that these functions depend parameterically on temperature. For small s, This consistency test, that will be checked in section 3 for the case m = 2, is a direct consequence of the exact character of the results presented in this section.
Binary anisotropic (quenched) mixture
Exact solution
Let us now particularize the general scheme of section 2 to the case of a binary mixture (m = 2), although the interaction potentials φ ij (r) will not be specified yet. In that case, equations (2.22), (2.26), and (2.27) become
From equations (3.1b) and (3.1c) it is possible to express K 11 , K 22 , and K 21 in terms of K 12 :
Then, insertion of equations (3.2) into equation (3.1a) gives a quadratic equation for K 12 whose physical solution is
Once the normalization constants {K ij } are known in terms of p, T , x 1 , and x 2 = 1 − x 1 , we can proceed to the determination of the equation of state. First, equation (2.11) in the binary case gives
is the determinant of I − P (1) (s). Using equations (2.25) and (3.1b), one can easily prove that
Equations (3.1b) and (3.1c) show that, out of the four equalities in equations (3.7a) and (3.7b), only one is new, i.e., ρ = K 12 Ω 12 (βp)/D ′ (0). Therefore, the equation of state is
This closes the solution to the problem. Given the four interaction potentials {φ ij (r)}, the mole fraction x 1 , the temperature T , and the pressure p, the normalization constants {K ij } are given by equations (3.2) and (3.3), while the number density ρ is given by equation (3.8) . Then, equations (2.16), (2.23), and (3.4b) provide the pair correlation functions {g ij (r)} in Laplace space.
Thermodynamic properties
Since the exact explicit solution of the statistical-mechanical problem relies upon the isothermal-isobaric ensemble, the key thermodynamic quantity is the Gibbs free energy G(T, p, N 1 , N 2 ) [16] . Using the thermodynamic relation N/ρ = (∂G/∂p) T,N 1 ,N 2 in combination with equation (3.8), and after some algebra, it can be found that
T is the thermal de Broglie's wavelength of species i (h and m i being the Planck constant and the mass of a particle of species i, respectively) and henceforth the absence of arguments in functions of s (Ω ij , Ω ′ ij , . . . ) means that those functions are evaluated at s = βp. From equation (3.9) one can derive the chemical potential of species i by means of the thermodynamic relation µ i = (∂G/∂N i ) T,p,N j =i as
where the sign function is sgn(x) = +1 if x > 0 and −1 otherwise. Notice that
If G is seen as a function of (β, βp, N 1 , N 2 ) rather than as a function of (T, p, N 1 , N 2 ), it is easy to check that the previous relation is equivalent to U = (∂βG/∂β) βp,N 1 ,N 2 . Thus, equation (3.9) gives
As tests on the exact character of the solution, it is proved in Appendix A that the equation of state (3.8) and the internal energy (3.11) are consistent with standard (virial, compressibility, and energy) routes to derive the thermodynamic quantities from the pair correlation functions [16, 19] .
Quenched Janus particles with Kern-Frenkel interaction
The solution of the one-dimensional statistical-mechanical problem for an arbitrary mixture with anisotropic interactions has been developed in section 2. Next, the specialization to binary mixtures has allowed us in section 3 to reach more explicit and detailed expressions. Now we go a step forward and particularize to a binary mixture of Janus particles (see figure 1 ). The Janus symmetry implies that a particle of species 1 is the specular reflection of a particle of species 2, so that only three interactions need to be fixed: φ 11 (r) = φ 22 (r) (green-white), φ 12 (r) (green-green), and φ 21 (r) (whitewhite). Moreover, we assume the Kern-Frenkel model [11] , i.e., the white face acts as a hard sphere (HS) of diameter σ in front of any face (either white or green), while the ("active") green face acts as a square-well (SW) sphere of hard-core diameter σ, range λσ, and well depth ǫ in front of another green face. Therefore, the precise model is where we have taken σ = 1 and the quantity θ ≡ e βǫ − 1 embodies all the dependence on temperature.
Thermodynamic properties
Despite the simplicity of equation ( 
into equation (3.8) and equating terms of the same order in both sides, one can easily obtain the virial coefficients B n (T ) sequentially. In particular, the second, third, and fourth coefficients are
The second virial coefficient is negative, implying a prevalence of the attraction in the low-density regime between green-green faces, if the temperature is smaller than a certain Boyle temperature T B , i.e.,
It is instructive to consider the high-temperature and low-temperature limits. The results are
Equation (4.5a) displays the first high-temperature correction to the equation of state of the HS Tonks gas [20] due to the SW nature of the interaction φ 12 (r). On the other hand, equation (4.5b) shows that in the opposite zero-temperature limit the equation of state is far from trivial and cannot be analytically inverted to express βp as a function of ρ.
As for the excess internal energy per particle
(4.6)
In the limit of low densities,
where
The curvature of u ex (ρ, T )/ǫ at ρ = 0 is dictated by the sign of the coefficient
As before, it is instructive to analyze the hightemperature and low-temperature limits. The results are lim minimized by minimizing the internal energy and this corresponds to configurations of N 1 pairs of the type 1-2 plus N 2 − N 1 particles of species 2. The total internal energy is then
It is interesting to remark that the limits ρ → 0 and T * → 0 do not commute. While lim ρ→0 βp(ρ, T )/ρ = 1 and lim ρ→0 u ex (ρ, T )/ǫ = 0 at any non-zero temperature, equations (4.5b) and (4.9b) imply that lim ρ→0 lim T * →0 βp(ρ, T )/ρ = 1 − min(x 1 , x 2 ) and lim ρ→0 lim T * →0 u ex (ρ, T )/ǫ = − min(x 1 , x 2 ). Notice also that equations (4.3)-(4.9b) are consistent with the exact thermodynamic relation [16] 
As an illustration, figure 2 shows βp/ρ and u ex /ǫ versus ρ at temperatures T * = 0, 0.1, 0.2, 0.5, 1, ∞ for an equimolar mixture (x 1 = x 2 = 1 2 ) with λ = 1.2. For such a system, T * B = 0.328 and T * u = 0.587. We observe that, as expected, the isotherms are "sandwiched" between the curves corresponding to the limits T * = 0 and T * → ∞. It is quite apparent that the compressibility factor βp/ρ at T * = 0.1 is practically indistinguishable from the one corresponding to T * = 0, except for very small densities. Analogously, the isotherm T * = 1 in figure 2(a) is very close to that of infinite temperature. Thus, in contrast to what happens in the case of the conventional SW fluid [16] , the influence of temperature on the equation of state is relatively moderate. On the other hand, temperature does play a relevant role on the excess internal energy, as figure 2(b) shows. A clear transition from concavity to convexity can be observed as temperature increases. In the case of T * = 0.5 < T * u , although the curve is slightly concave at ρ = 0, an inflection point is present at ρ = 0.293, the curve becoming convex thereafter.
Structural properties
According to equations (2.23) and (3.5) , the determinant D(s) becomes
where we have called
(4.11)
Moreover, from equations (2.16), (3.4a), and (3.4b), we find the following expressions for the pair correlation functions in Laplace space:
The pair correlation functions g ij (r) in real space are given by expressions analogous to equations (4.12a)-(4.12d) with the replacement Ψ (k 1 ,k 2 ) (s) → ψ (k 1 ,k 2 ) (r), where the function ψ (k 1 ,k 2 ) (r) = L −1 Ψ (k 1 ,k 2 ) (s) is the inverse Laplace transform of Ψ (k 1 ,k 2 ) (s). In order to find practical representations of g ij (r), let us use the mathematical identity
[(n − ℓ)/2] denoting the integer part of (n − ℓ)/2. Equation (4.10) shows that D(s) has the structure 1 − ax − bx(x − y) with x = Ω(s + βp) and y = λΩ(λ(s + βp)). Therefore,
Then, taking into account the Laplace property where Θ(x) is the Heaviside step function, we finally have
Although in principle the summation in equation (4.18) extends to n → ∞, truncation at n = n max allows one to obtain ψ (k 1 ,k 2 ) (r) in the interval 1 ≤ r ≤ n max +1+k 1 +λk 2 . In view of equations (4.12a)-(4.12d), this implies that truncation at n = n max guarantees the exact evaluation of g ij (r) up to r = n max + 2.
As an illustration, figure 3 considers the same system as in figure 2, i.e., an equimolar mixture (x 1 = x 2 = 1 2 ) with λ = 1.2, and displays the pair correlation functions g 11 (r) = g 22 (r), g 21 (r), and g 12 (r), as well as the average function g(r) for the representative density ρ = 0.7 and the same temperatures as in figure 2 . Clear changes in the structural properties are apparent as the temperature changes. In the limit T * → ∞, all the correlation functions are identical and coincide with that of the pure HS system. In fact, at temperature T * = 1 the deviations from the common HS function are rather small, except for the discontinuity of g 12 (r) and g(r) at r = λ. The deviations from the HS pair correlation function become much more important as temperature decreases to T * = 0.5 and then to T * = 0.2. At T * = 0.1 the correlation functions are hardly distinguishable from those corresponding to T * = 0 and exhibit features characteristic of the expected "dimer" configurations (1-2)-(1-2)-(1-2)-· · ·, where the two particles of a dimer (1-2) are separated a distance between r = 1 and r = λ, while the distance between two adjacent dimers is more flexible, its typical value depending on density. Thus, we observe that, at T * = 0, g 11 (r) and g 22 (r) vanish for 1 ≤ r ≤ 2 and g 12 (r) vanish for λ < r < 3.
The special sticky-hard-sphere limit [16, 21, 22, 23] , where T * → 0 and λ → 1 with a constant stickiness parameter τ −1 ≡ (λ − 1)θ, is worked out in Appendix B.
Asymptotic decay of correlations. Structural crossover
The representation of g ij (r) in terms of the auxiliary functions ψ (k 1 ,k 2 ) (r) [see equations (4.12a)-(4.12d) and (4.18)] is not practical for asymptotically large values of r because of the many terms involved. In that case, the asymptotic behaviors of the total correlation functions h ij (r) = g ij (r)−1 and of the average function h(r) = g(r)−1 = i,j x i x j h ij (r) are of the form [24] h ij (r) ∼ A ij e −κr cos(ωr + ϕ ij ), h(r) ∼ Ae −κr cos(ωr + ϕ), where ξ ≡ κ − βp. An analysis of the numerical solutions of the set of equations (4.20a) and (4.20b) shows that the zeroes of D(s) with a real part closest to the origin are always complex numbers (i.e., ω = 0). Therefore, no Fisher-Widom line [12] separating the oscillatory and monotonic large-distance behaviors exists in a one-dimensional Janus fluid, in contrast to what happens in the case of one-dimensional isotropic fluids [12, 18, 25] . Therefore, the restriction of attractive interactions to only the 1-2 pair frustrates the possibility of monotonic decay of correlations, even at low temperature.
However, a structural crossover line can be identified on the plane T * vs ρ separating (typically high-temperature) states where the wavelength 2π/ω of the oscillations lies between the values 1 and 2 from (typically low-temperature) states with a larger . Phase diagram for an equimolar mixture (x 1 = x 2 = 1 2 ) with λ = 1.2. In the states above the crossover line, the pair correlation functions present an asymptotic oscillatory behavior with a wavelength 2π/ω comprised between the values 1 and 2 (i.e., a spatial frequency π < ω < 2π), while the wavelength 2π/ω is larger than 2 (i.e., ω < π) for states below the curve. The circle represents the "critical" point ρ c = 0.1105, T * c = 0.3517. When crossing the curve, the value of ω experiences a discontinuous change.
wavelength. This crossover transition is reminiscent of the one observed in binary HS mixtures [26, 27, 28] .
The structural crossover line, and the associated phase diagram, are shown in figure  4 for an equimolar mixture (x 1 = x 2 = 1 2 ) with λ = 1.2. The line has a maximum at a "critical" point ρ c = 0.1105, T * c = 0.3517, so that if T > T * c the asymptotic oscillatory behavior corresponds to 1 < 2π/ω < 2. However, if 0.32 < T * < T * c , there exists a window of densities ρ − (T * ) < ρ < ρ + (T * ) around ρ c where the oscillations have a wavelength 2π/ω > 2. Such a window extends to 0 < ρ < ρ + (T * ) if T * < 0.32. Upon crossing the line, the transition from shorter to longer wavelength (or vice versa) is discontinuous. Figure 5 shows κ and ω versus ρ at temperatures T * = 0, 0.1, 0.2, 0.5, 1, ∞ for an equimolar mixture (x 1 = x 2 = 1 2 ) with λ = 1.2. As density increases and/or temperature decreases, the damping coefficient κ and the wavelength 2π/ω decrease. In analogy with figure 2(a), the curves corresponding to T * = 0.1 are hardly distinguishable from those corresponding to T * = 0, except for the discontinuous change of ω at ρ + (T * = 0.1) = 0.969. In the case of T * = 0.2 the transition takes place at ρ + (T * = 0.2) = 0.860.
The amplitudes A ij , A and phases ϕ ij , ϕ in equation application of the residue theorem as
where, according to equations (4.12a)-(4.12d),
From a practical point of view, the asymptotic behavior (4.19) is, in general, already very accurate at not too large distances. Figure 6 displays the partial functions h ij (r) and the average function h(r), again for an equimolar mixture (x 1 = x 2 = 1 2 ) with λ = 1.2. Two representative states have been chosen, one above the transition line of figure 4 , namely (ρ, T * ) = (0.8, 0.5), and the other one below the line, namely (ρ, T * ) = (0.8, 0.1). The associated values of the damping coefficient and the wavelength are (κ, 2π/ω) = (0.460, 1.168) and (κ, 2π/ω) = (0.185, 2.417), respectively. We observe from figure 6(a) that the oscillations of h 11 (r) = h 22 (r), h 12 (r), and h 21 (r) are almost on phase, so that the average correlation function h(r) is qualitatively very similar to the partial functions h ij (r). Figure 6 (b) clearly shows that h(r) asymptotically oscillates with a wavelength smaller than 2. The scenario changes at the state (ρ, T * ) = (0.8, 0.1). As shown by figure 6(c), h 12 (r) and h 21 (r) are rather on phase, but they are dephased almost a half wavelength with respect to h 11 (r) = h 22 (r). As a consequence, a large amount of cancelation takes place when computing the average correlation function h(r), its oscillations in the range 4 < r < 10 being about twice as frequent as those of the partial contributions h ij (r). In fact, it can be seen from 6(c) that the asymptotic function h(r) corresponding to (κ, 2π/ω) = (0.185, 2.417) is not accurate at all in the range 4 < r < 10 and one needs to move to much larger distances to match the asymptotic form, as figure 6(d) shows. It is interesting to note that the behavior of h(r) in the range 4 < r < 10 is very well captured (not shown) by the asymptotic form associated with the "competing" (subleading) root (κ ′ , 2π/ω ′ ) = (0.435, 1.159).
To understand the physical origin of the crossover transition, consider the extreme cases T * ≫ 1 and T * ≪ 1. In the first case, the asymptotic behavior of the correlation functions h ij (r) is qualitatively similar to that of a hard-rod one-component system, with oscillation wavelengths between the hard-core diameter and twice that value. On the other hand, dimer-like configurations (1-2)-(1-2)-(1-2)-· · · prevail if T * ≪ 1, resulting in larger wavelengths.
5.
Orientationally constrained Janus models. Mapping of the quenched (equimolar-binary-mixture) system onto the annealed (one-component) system
In one-dimensional Janus models, only two orientations of the active face are possible, as exemplified in figure 1 . In two and three dimensions, however, the unit "spin" vector s α characterizing the orientation of the active face of particle α can point in any direction. In such a case, a mixture version of the model is not feasible, unless one considers a polydisperse system with an infinite number of species, each one characterized by a different frozen spin vector.
On the other hand, one can assume models where, even if being two-or threedimensional, only two mutually anti-parallel (up-down) spin vectors s + = −s − are allowed [22, 23] . In this special class of orientationally constrained Janus models, the system can be one-or two-component. In the former case (annealed system), the spin s α of any particle α is not fixed and can flip from s α = s + to s α = s − , and vice versa. In contrast, in the two-component (quenched) system the spins are frozen, so that s α is fixed to s α = s + if particle α belongs to species i = 1, while it is fixed to s α = s − if particle α belongs to species i = 2. The fraction of particles having spin s + fluctuates around 1 2 in the one-component (annealed) case, while it is strictly fixed to the mole fraction x 1 in the two-component (quenched) case. The total number of possible spin configurations is 2 N in the annealed system and N N 1 ≃ 2/πN2 N in the quenched system with N 1 = N/2. The interesting question is, does there exist a relationship between the the physical properties of both systems? The aim of this section is to argue that the pair correlation functions of the annealed one-component system coincide with those of the quenched equimolar binary mixture in the thermodynamic limit. Now we describe the annealed and quenched versions of the system in any dimensionality.
Annealed system
In this case, all the particles are identical and the specification of a microstate (in configuration space) requires, apart from the positions r N ≡ {r 1 , . . . , r N } of the N particles, the spins s N ≡ {s 1 , . . . , s N }. Thus, a given microstate is specified as ς N ≡ {ς 1 , . . . , ς N } with the short-hand notation ς α ≡ {s α , r α }. The total potential energy is
where the superscript "ann" stands for "annealed." The interaction potential φ(ς α , ς γ ) between two particles α and γ depends not only on their positions r α and r γ (actually on the relative vector r γα ≡ r γ − r α ) but also on their spins s α and s γ In the canonical ensemble, the probability density of the microstate ς N is [19, 16] ρ ann
where Q ann N is the configuration integral and the notations dς N ≡ dς 1 · · · dς N and dς α ≡ sα=s ± dr α have been introduced. The pair correlation function is defined as
where δ(ς a − ς α ) ≡ δ sa,sα δ(r a − r α ). In the absence of interactions, Q ann N → 2 N V N and g ann (ς a , ς b ) → 1 in the thermodynamic limit.
By standard diagrammatic methods [16] one can find the virial expansion of the pair correlation function as
where, for instance,
Here, f (ς α , ς γ ) ≡ e −βφ(ςα,ςγ) − 1 is the Mayer function. The rest of the diagrams are defined in a similar way. By summing over the four possible combinations (s 1 , s 2 ), we can finally define the radial distribution function of the annealed system as g ann (r 12 ) = 1 4 s 1 =s ± s 2 =s ± g ann (s 1 , r 1 ; s 2 , r 2 ). (5.6)
Quenched system
Now we consider a system where N 1 particles have always spin up (s + ) and therefore belong to species i = 1. The rest of the particles (N 2 = N − N 1 ) have always spin down (s − ) and belong to species i = 2. Without loss of generality we can assume that species i = 1 is made of particles α = 1, . . . , N 1 and species i = 2 is made of particles α = N 1 + 1, . . . , N. The mole fractions are x i = N i /N. In this quenched binary mixture a microstate is specified by the set of positions r N ≡ {r 1 , . . . , r N } only, as the spins are fixed from the beginning.
In the canonical ensemble, the probability density of the microstate {r 1 , . . . , r N } is
where the superscript "que" stands for "quenched" and
is the total potential energy. Comparison between equations (5.2) and (5.7) shows the relationship
The three pair correlation functions of the binary mixture are defined as
In equations (5.10a) and (5.10b) the prime denotes the constraint α = γ. Equations (5.10a)-(5.10c) can be written in a compact way as where I 1 = 1, I 2 = N − 1, J 1 = 2, J 2 = N. Note that, in the absence of interactions, Q quen N 1 ,N 2 = V N and g ij (r a , r b ) → 1 in the thermodynamic limit.
The virial expansion of the pair correlation function g quen ij (r 1 , r 2 ) is g quen ij (r 1 , r 2 ) = e −βφ ij (r 1 ,r 2 ) 1 +
where in this quenched case [compare with equation (5.5) for the annealed case], (5.13) and so on. Here, we have introduced the notation † dς α ≡ iα=1,2 x iα dr α , where, in each term of the sum, particle α belongs to species i α . In analogy with equation (2.15), the average pair correlation function is g quen (r 12 ) = i,j
x i x j g quen ij (r 1 , r 2 ). (5.14)
Comparison between equations (5.3) and (5.11) shows that, for a finite value of N and in a strict mathematical sense, g ann (s i , r 1 ; s j , r 2 ) = g quen ij (r 1 , r 2 ), even if the quenched mixture is equimolar (x 1 = x 2 = 1 2 ). On the other hand, comparison between equations (5.4) and (5.12) shows that g ann (s i , r 1 ; s j , r 2 ) = g quen ij (r 1 , r 2 ), (5.15) provided that x 1 = x 2 = 1 2 . The equality in (5.15 ) is obvious to second order in density, as can be seen by comparison between equations (5.5) and (5.13) , but extends to any order.
The solution to this paradox lies in the fact that the thermodynamic limit needs to be taken in the derivation of equations (5.4) and (5.12) . Thus, the equivalence between the annealed and (equimolar) quenched systems holds in that limit, similarly to the equivalence between different statistical ensembles. In other words, if N → ∞, the huge majority of the relevant microstates in the quenched system correspond to a number of up spins practically equal to the number of down spins. As a consequence, we can expect that [see equation (5. 
Validation of the quenched-annealed mapping by Monte Carlo simulations
Strictly speaking, the exact statistical-mechanical solution to the one-dimensional Janus fluid worked out in section 4 applies to the quenched system with arbitrary composition, but not, in principle, to the annealed system. On the other hand, according to the arguments presented in section 5, the annealed system is described in the thermodynamic limit by the solution to the quenched system if x 1 = x 2 = 1 2 in the latter. In order to validate and confirm this expectation, we have carried out NV T Monte Carlo (MC) simulations [29] on the one-component, annealed system.
In the MC simulations, a system of N = 500 Janus particles are distributed over a ring of length L = N/ρ (with periodic boundary conditions). In each computational step, the microscopic configuration of the system is fully determined by the position and orientation of every particle. In order to thermalize the system and measure its equilibrium properties, a random walk over the configuration (position plus orientation) space is performed. In each MC step, a particle is selected at random and displaced a random distance. If an overlap occurs, the displacement is rejected and a new MC step is initiated. In the absence of any overlap, the orientation of the chosen particle is flipped and the attempt (displacement plus flip) is accepted according to the Metropolis criterion [29] . The size of the position displacement is adjusted so that the acceptance ratio is approximately 50%. We have used 10 5 MC steps per particle for equilibration plus an additional set of 5 × 10 5 MC steps per particle for the computation of the equilibrium quantities as averages.
We have simulated annealed systems with λ = 1.2 at a low temperature (T * = 0.2) and an intermediate temperature (T * = 1), in each case with densities ρ = 0.1, 0.2, . . . , 0.8. As an illustration of the evolution of the main quantities, figure 7 displays the MC evolution of the ratio N 1 /N (where N 1 denotes the fluctuating number of particles with a right active face) and the (reduced) excess energy per particle u ex /ǫ at T * = 1 and ρ = 0.5. In the initial configuration, particles are equispaced (so that u ex /ǫ = 0) with their active faces oriented to the right (so that N 1 = N). As we can observe in figure 7(a) , after about only 10 MC steps per particle the fraction of particles with a given orientation fluctuates about the value 1 2 . On the other hand, the equilibration of the thermodynamic and structural properties is much slower. In particular, figure 7(b) shows that the energy has not relaxed yet to its equilibrium value after about 100 MC steps per particle.
For simplicity, and in order to make contact with the quenched systems, we will use the notation g ann (s i , x 1 ; s j , x 1 + r) → g ij (r) and g ann (r) → g(r) = 1 2 g 11 (r) + 1 4 g 12 (r) + 1 4 g 21 (r). In all the simulated states, we have found an excellent agreement between the theoretical and the MC functions g ij (r) for the quenched and annealed systems, respectively. As an example, figure 8 shows g 11 (r) = g 22 (r), g 12 (r), g 21 (r), and g(r) at ρ = 0.7 and T * = 0.2 and 1. Apart from the pair correlation functions, the excess internal energy per particle (u ex /ǫ) and the pressure (βp) have been computed in the MC simulations. While the excess internal energy can be evaluated directly, the pressure requires an alternative method. According to equations (2.2), (2.14), and (2.21), the cavity functions y ij (r) ≡ g ij (r)e βφ ij (r) are proportional to e −βpr within the first coordination shell (1 < r < 2).
In the case of the Janus fluid, this means that a logarithmic plot of y 11 (r) = y 22 (r) = g 11 (r) = g 22 (r), y 21 (r) = g 21 (r), and y 12 (r) = g 12 (r) 1 − (1 − e −1/T * )Θ(λ − r) in the region 1 < r < 2 should give straight lines with a common slope equal to −βp. As an illustration, figure 9 shows a plot of ln y ij (r) in the cases T * = 0.2 and T * = 1, both with ρ = 0.8. It must be noted that this method to obtain the pressure cannot be applied to the total pair correlation function g(r) but requires to disentangle the partial contributions g ig (r). The thermodynamic quantities βp/ρ and u ex /ǫ as functions of ρ are compared with the theoretical curves for the quenched systems in figure 10 , again with a virtually perfect agreement.
Therefore, figures 8 and 10 confirm that, as argued in section 5, the macroscopic properties of the quenched Janus fluid (where particles have a fixed orientation, half with a left active face, half with a right active face) are equivalent, in the thermodynamic limit, to those of the annealed Janus fluid (where particles are allowed to flip their orientation).
Summary and conclusions
In this paper we have extensively studied the statistical-mechanical properties of onedimensional Janus fluids. First, we have considered a general m-component mixture with anisotropic interactions, such that the interaction potential between a particle α and its nearest neighbor γ = α ± 1 depends on whether the latter is located to Figure 10 . Plot of (a) the compressibility factor βp/ρ and (b) the excess internal energy per particle u ex /ǫ versus density at temperatures T * = 0.2 and 1 for a Janus fluid with λ = 1.2. Lines represent the exact solution for the quenched system (equimolar binary mixture), while symbols are MC results for the annealed system (one-component fluid).
the left (γ = α − 1) or to the right (γ = α + 1) of α. By carefully extending the method followed in the case of isotropic interactions [16] , we have derived the exact solution in the isothermal-isobaric ensemble. By particularizing to a binary mixture (m = 2) with the Kern-Frenkel potential [11] , as given by equation (4.1), the pair correlation functions g ij (r) and thermodynamic quantities (density and internal energy) are obtained as explicit functions of pressure, temperature, and composition. The equimolar mixture (x 1 = x 2 = 1
2 ) represents what we have called a quenched Janus fluid since the orientation of the active face of each particle is kept fixed.
An interesting result is the absence of a Fisher-Widom transition between an oscillatory asymptotic decay of h ij (r) ≡ g ij (r)−1 (if the repulsive part of the interaction dominates) and a monotonic asymptotic decay (if the attractive part of the interaction dominates), in contrast to what happens in the case of the one-dimensional isotropic SW fluid [12] . This is a consequence of the inhibition of attractive forces, as they are restricted to pairs of particles with their active faces facing each other. However, a structural crossover exists between an oscillatory decay with a wavelength smaller than twice the hard-core diameter (at high temperatures) and an oscillatory decay with a larger wavelength (at low temperatures). The phase diagram representing this structural crossover presents a "critical" point, as illustrated by figure 4.
In the final part of this work we have addressed the question of whether the derived exact results for the quenched Janus fluid are applicable to the case of the annealed Janus fluid. In the latter, all the particles are identical, so that one is dealing with a one-component system in which the particles are allowed to flip their orientation and, as a consequence, the number of particles with either orientation fluctuates around half the total number. In section 5 we have presented compelling arguments in favor of the quenched↔annealed equivalence in the thermodynamic limit. This has been further supported by comparison between the theoretical results for quenched systems and MC simulations for annealed systems. Structural as well as thermodynamic quantities are seen to exhibit an excellent agreement. This in turn validates the theoretical results derived in this paper.
While most of the results presented in this paper apply to fluids confined to onedimensional geometries, we believe that they can contribute to a better understanding of some of the peculiar physical properties of Janus fluids and also serve as a benchmark to test theoretical approaches. Additionally, the equivalence between the quenched and annealed systems gives support to the up-down Janus three-dimensional mixture model considered in Refs. [22, 23] .
Using the properties (3.2), it is straightforward to check that u ex = U/N − k B T /2, where U is given by equation (3.11) . Note, however, that equation (A.13) applies to any number of components, while equation (3.11) refers to binary mixtures only.
Appendix B. Sticky-hard-sphere limit
In the sticky-hard-sphere (SHS) limit, the SW depth ǫ goes to infinity (so that θ → ∞) while the width λ − 1 goes to zero by keeping the stickiness parameter τ −1 ≡ (λ − 1)θ fixed. In that case, Ω 12 The general equation of state (3.8) reduces to a quadratic equation for the pressure whose physical root is
The associated first few virial coefficients are
Obviously, the same expressions are obtained by taking the SHS limit in equations (4.4a) and (4.4b). In the high-temperature and low-temperature limits, equation (B.2) yields
where in equation (B.6) we have taken into account that 1− √ 1 − 4x 1 x 2 = 2 min(x 1 , x 2 ). As expected, equations (B.5) and (B.6) are fully consistent with equations (4.5a) and (4.5b), respectively.
In terms of density, the amplitudes ( Therefore,
In what respects the structural properties, we note that in the SHS limit Ψ (k 1 ,k 2 ) (s) →Ψ where a is still given by equation where use has been made of L −1 e −n(s+βp) = e −βpr δ(r − n).
